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A sectional model for aggregate aerosol dynamics accounting for gas-phase chemical
reaction, coagulation, and sintering at nonisothermal conditions is presented. The ag-
gregate structure was considered by the implementation of a constant mass fractal di-
mension on the aggregate collision diameter and an a®erage, but ®ariable, aggregate area
within a gi®en ®olume section. The model showed separately the e®olution of the size
distribution of the primary and aggregate particles. Model predictions with respect to
a®erage primary particle diameters and aggregate particle-size distributions were e®alu-
ated by comparing with experimental data for synthesis of titania by TiCl oxidation in4
a furnace aerosol flow reactor. The effects from sintering time and mass fractal dimen-
sion are also discussed.

Introduction
Aerosol formation of aggregate particles is important in

Žmaterials production for instance, synthesis of pigments,
fumed silica and alumina, as well as fine nickel and iron, to

. Žname a few and air pollution control of fly ash and other
.combustion aerosols . Aggregate particles are clusters of indi-

Ž .vidual spherical or faceted particles tightly kept together by
a chemical bond. These particles are also known as hard ag-

Ž .glomerates Pratsinis, 1998 . Depending on the application,
the desired product may be in the form of nonaggregate or
aggregate powders. For example, nonaggregate powders are
desired in pigments and cosmetics, while aggregate particles
of high specific surface areas are required in reinforcing,

Ž .photocatalysis, and catalysis in general Pratsinis, 1998 . Ag-
gregates are typically formed by coagulation and sintering in

Žaerosol flame reactors. Quantitative understanding model-
.ing of aggregate formation is therefore important if experi-

mental setups are to be scaled up and industrial process
conditions to be optimized.

Ž .Koch and Friedlander 1990 introduced an elegant model
describing particle growth by coagulation and sintering. Their
model predicted average primary particle sizes, but neglected
the effect of aggregate structure on the collision rate by as-
suming that aggregates collided at the same rate as spherical

Ž .particles of equal volume. Xiong and Pratsinis 1993 devel-
oped an elaborate two-dimensional sectional model incorpo-
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Ž .rating the effect of sintering Koch and Friedlander, 1990 to
the population balance equation. Their model traced particle
volume and surface-area evolution for coagulation and sinter-
ing from the free molecular to the continuum regime. They
related the accessible surface area of an aggregate to its vol-
ume through a constant scaling factor and compared model
predictions with experimental data on silica, titania, and even

Ž .boron carbide Xiong et al., 1993, 1992 . A simple monodis-
perse model to describe the particle morphology, size, and
number concentration by coagulation and sintering was pro-

Ž .posed by Kruis et al. 1993 . In this model the radius of gyra-
tion was implemented as the collision radius of aggregates of
constant mass fractal dimension. Regarding the primary par-
ticle diameter, the model predictions were in agreement, at

Ž .certain cases, with sectional Xiong and Pratsinis, 1993 ,
Ž .self-preserving Koch and Friedlander, 1990 models, and ex-

perimental data on silicon formation.
Ž .Akhtar et al. 1994 developed a Monte Carlo simulation

to describe coagulation and sintering of two-dimensional
particles. They accounted for particle restructuring through
energy minimization, and showed the time evolution of the
cluster mass fractal dimension. More specifically, their simu-
lations showed a rather exponential decay of the mass fractal

Ždimension with respect to Monte Carlo time steps Figure 8
.of Akhtar et al., 1994 . In addition, the mass fractal dimen-

sion seemed to decrease more steeply for low rather than
high sintering rates. At longer Monte Carlo times, though,
mass fractal dimensions, for both slow and fast sintering, ap-
proached a constant value of 1.55, corresponding to that dic-
tated by cluster]cluster aggregation of two-dimensional par-
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wticles also equivalent to D s1.8 for three-dimensional parti-f
Ž .xcles Seto et al., 1997 .

Ž .Seto et al. 1995 studied the sintering of titania aggregates
of nanosized primary particles. By solving the basic equation
that accounted for the effect of sintering on the aggregate

Ž .surface area Koch and Friedlander, 1990 , they explained
the experimentally observed results of aggregate densifica-
tion and primary particle growth within the range of

Ž .1,000]1,500 K. Seto et al. 1997 extended their study using a
Ž .sectional technique Xiong and Pratsinis, 1993 for polydis-

perse titania and silica aggregates and found that sintering of
primary particles occurred at temperatures that were
50]100% of the bulk melting points of the particle material.
Their experimental observations for the sintering rates of sil-

Ž .ica and titania were in agreement with Xiong et al. 1993
Ž .and Kobata et al. 1991 , respectively.

Ž .Vemury et al. 1994a addressed simultaneous coagulation
and sintering by solving the population-balance equation us-

Ž .ing the technique of Hounslow et al. 1988 . The aggregate
structure was taken into consideration by the implementation
of a constant mass fractal dimension of 1.8 on the aggregate

Žcollision volume. They showed that experimental data Xiong
.et al., 1993 could be better explained with this formulation

and a modified sintering rate, as they could distinguish be-
tween primary and aggregate particle-size distributions.

Ž .Lehtinen et al. 1996 proposed an equation for the dimen-
sionless excess area of aggregates and determined the effect
of sintering based on the difference between collision and
coalescence times. When those two times were equal, den-
drites were formed, while the constituent primary particles
stopped growing. In addition, they studied the effect of
process variables such as temperature, velocity, and volume
loading on the size of primary particles in turbulent gas flows
in a pipe and turbulent round free jets.

Ž .Oh and Sorensen 1997 used light scattering to measure
the aggregation rate of fractal-like soot aggregates in a rari-
fied gas. They also measured the radius of gyration, fractal
dimension, monomer size, and number of monomers per ag-
gregate. An aggregation kernel valid from the free molecular
to the continuum regime was also implemented on the
Smoluchowski equation, which was then compared to experi-
mental cluster kinetics. Differences between theory and ex-
periments were attributed to high uncertainties in the refrac-
tive index of soot as well as to the attractive dispersive forces
among particles.

Ž .Rogak 1997 extended the discrete sectional formulation
Ž .by Wu and Flagan 1988 to study primary particle formation

by coagulation with rapid coalescence and condensation-like
growth. He assumed instantaneous sintering for particles be-
low some size ‘‘D ’’ and birth of primary particles abovemelt
this critical size. His model showed that primary particle di-
ameters were less temperature dependent than would be ex-
pected from existing sintering models.

Recent advances in computational resources make sec-
tional models increasingly attractive although they may seem
more complex compared to monodisperse or moment tech-
niques. Therefore, the model presented is based on a sec-

Ž .tional technique Vemury et al., 1994a for simulation of gas
phase chemical reaction, coagulation, and sintering of aggre-
gates at nonisothermal conditions. The aggregate structure is
considered by implementing a constant mass fractal dimen-

Žsion on the so-called aggregate collision diameter Kruis et
.al., 1993 . An average but variable aggregate surface area is

also used in each section following the results of Xiong and
Ž .Pratsinis 1993 . The model is first validated at certain limit-

Žing cases for coagulation of spherical and nonspherical non-
.coalescing or nonsintered fractal-like particles. Model pre-

dictions are then compared with experimental data and other
existing models for simultaneous coagulation and sintering of
titanium dioxide.

Theory
Particles in gases are formed by chemical reaction, coagu-

lation, and sintering in the absence of a nucleation barrier
and surface growth, as in aerosol synthesis of fumed silica
Ž . Ž .Ulrich, 1971 and even of titania Xiong and Pratsinis, 1991 ,

Ž .especially at dilute precursor that is, TiCl concentrations4
Žthat are typical in laboratory studies Pratsinis and Spicer,

.1998 . The rate of change of the aggregate size distribution is
Ž .given by Friedlander, 1977 :

dn ® 1 ®Ž .
s R ?d ®y ® q b ®, ®y ® ? n ® ? n ®y ® d®Ž . Ž . Ž . Ž .˜ ˜ ˜ ˜ ˜Hodt 2 0

`
y n ® b ®, ® ? n ® d®. 1Ž . Ž . Ž . Ž .˜ ˜ ˜H

0

Ž .The first term in the righthand side RHS refers to new par-
Ž .ticle monomer formation by chemical reaction, while the

other two RHS terms refer to gain and loss of aggregates of
size ® by coagulation. Although this equation offers many so-
lutions depending on approximations on the shape of the size

Ždistribution, here a sectional technique is used Hounslow et
.al., 1988; Vemury et al., 1994a and applied to synthesis of

Ž .TiO by TiCl oxidation Akhtar et al., 1991 , as there are a2 4
lot of data in the open literature and reasonably good docu-
mentation of the pertinent material properties.

The aggregate size distribution is discretized in M sec-
tions. Specifically, following the sectionalization of Hounslow

Ž .et al. 1988 , each section i is represented by a characteristic
aggregate volume ® s2Ž iy1.® , where ® is the equivalenti o o

Ž .spherical volume of a TiO monomer molecule . In addition,2
® is the average volume of the upper and lower boundaryi

Ž . Žsizes of section i, ® s ® q ® r2 Spicer and Pratsinis,i b, iq1 b, i
.1996 . The relation between representative volumes of two

Ž .consecutive sections is ® s2® spacing factor f s2 , whichiq1 i s
is a rather coarse sectionalization but results in a small error
of about 3% in the geometric standard deviation of the self-

Ž .preserving distributions Table 3 of Vemury et al., 1994b .
For a more refined and random discretization pattern, the

Ž . Žmodel of Hounslow et al. 1988 should be modified Kumar
.and Ramkrishna, 1996 . This modification, however, in-

creases computational requirements substantially.
Ž .The number concentration arg of titania monomersgas

Ž .molecules in the first section is given by

MdCdN TiCl1 4sy y N b N rÝ1 1, j j g½ 5dt dt js1

M

s kC y N b N r , 2Ž .ÝTiCl 1 1, j j g4 ½ 5
js1
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Ž 3. Ž 3 .where r is the gas density grcm , b cm rs the collisiong 1, j
kernel between the monomers and particles of bigger sec-

Ž .tions, C the concentration of TiCl moleculesrg , andTiCl 4 gas4
Ž y1. Žk s the oxidation rate constant of TiCl Pratsinis et al.,4

.1990 . For the rest of the sections the evolution of the num-
ber concentration, N , of aggregates per gram of gas isi
Ž .Hounslow et al., 1988 :

iy2dN 1i jyiq1 2s N 2 b N q b NÝiy1 iy1, j j iy1, iy1 iy1½dt 2js1

iy1 M
jy iy N 2 b N y N b N r . 3Ž .Ý Ýi i , j j i i , j j g5

js1 js i

Interparticle forces and nonunity sticking coefficients are ne-
glected. The first RHS term in Eq. 3 refers to the rate of
birth of aggregates in section i by collisions between aggre-
gates of the iy1 section and j sections ranging from 1 to
iy2. The second RHS term refers to birth of aggregates in

Ž .the ith section by collisions of equal size iy1 aggregates.
The third accounts for the death rate of aggregates in section
i by collisions between these aggregates and smaller ones.
The fourth RHS term corresponds to the death rate of aggre-
gates in section i by collisions between these aggregates and
aggregates in the same or higher size intervals.

The present model gives an average primary particle diam-
Ž .eter, d cm , within a given aggregate volume section i, asp, i

the primary particle-size distribution within an aggregate is,
Žtypically, rather narrow that is, the constituent particles in

.an aggregate are considered to have the same diameter . This
is a simplification following the approach of Kruis et al.
Ž .1993 . An indication of the error of the preceding simplifica-
tion can be derived from the detailed two-dimensional sec-

Ž .tional formulation of Xiong and Pratsinis 1993 , which shows
that the effect of the number of surface-area sections within

Ž .a given aggregate volume size-interval is quite small -5% .
Furthermore, the assumption of an average primary and ag-
gregate particle size per section has no effect on the aggre-
gate size distribution. For example, when Vemury et al.
Ž .1994b used an average aggregate particle size per section,

Žtheir model predictions were nearly identical error 0.2]0.3%
with respect to the geometric standard deviation of the self-

.preserving size distribution for spacing factor, f s2 to thoses
Ž .of Landgrebe and Pratsinis 1990 , accounting for the full dis-

Ž .tribution per section Table 3 of Vemury et al., 1994b .
The effect of sintering on the aggregate surface area is given
Ž .by Koch and Friedlander, 1990 :

da 1i
sy a y a , 4Ž . Ž .i s, idt ts, i

Ž 2.where a cm is the surface area of an aggregate in sectioni
Ž . wi, t is the characteristic sintering time s the time neededs, i

to reduce by approximately 63% the excess surface area of an
Žaggregate over that of an equal mass sphere Xiong and

.xPratsinis, 1993 , and a is the surface area of a completelys, i
Ž .fused spherical aggregate:

2r3®i
a s a . 5Ž .s, i ož /®o

Ž .For TiO , t is given by Xiong et al. 1993 :2 s, i

3,700
16 4t s8.3=10 d T exp , 6Ž .s, i p , i ž /T

Ž .or by Kobata et al. 1991 :

31,000
8 4t s7.4=10 d T exp . 7Ž .s, i p , i ž /T

For the collision kernels b , the Fuchs interpolation func-i, j
tion for Brownian coagulation in the free molecule and con-

Ž .tinuum regimes is used Seinfeld, 1986 . Furthermore, the
effect of aggregate structure on the collision kernel is incor-
porated by replacing the primary particle diameter, d , withp, i

Ž .the so-called collision diameter, d Vemury et al., 1994a :c, i

b s2p D q D d q dŽ . Ž .i , j i j c , i c , j

y1
d q d 8 D q DŽ .c, i c , j i j

= q , 8Ž .
d q d q2 g c d q dŽ .c, i c , j i , j i , j c , i c , j

Ž 2 y1.where D cm ? s is the diffusion coefficient of an aggre-i
gate of size i based on the collision diameter, g is the tran-i, j

Ž .sition parameter, and c has units of velocity cmrs as de-i, j
Ž .fined in Seinfeld 1986 . The collision diameter of an aggre-

Ž .gate is given by Kruis et al. 1993 :

1rD f®i
d s d 9Ž .c, i p , i ž /®p , i

and

6®i
d s , 10Ž .p , i ai

Ž 3. Ž .where ® cm is the volume of a spherical primary parti-p, i
Ž .cle in section i , and D is the so-called mass fractal dimen-f

sion varying from 1 to 3. As a first approximation, though, a
constant mass fractal dimension of 1.8 is commonly used that
corresponds to growth by cluster]cluster aggregation. This
is common for aggregates generated in high-temperature

Ž .aerosol processes Kruis et al., 1993; Seto et al., 1997 . In
Ž .addition, the ratio ®r® is equal to the number of primaryi p, i

particles n in a representative aggregate in the size intervali
i, so that when n is 1 then d equals d . For higher valuesi p, i c, i
of n , d approaches the radius of gyration of the ith aggre-i c, i

Ž .gate Kruis et al., 1993 .
The initial aggregate surface area in each section is the

maximum one. If a is the surface area of a single monomer,o
the maximum surface area of a representative aggregate in

Žsection i will be that of a nonfused noncoalescing or nonsin-
. Ž iy1.tered aggregate initially consisting of 2 monomers, that

is, a ?2Ž iy1.. Hence, initially the primary particle diametero
d and the monomer diameter d coincide. In this way, thep, i o
initial aggregate surface area values are defined in a clear
and straightforward manner, avoiding the use of any ad-
justable parameters.
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Equations 2]4 can be transformed from a Lagrangian to
an Eulerian form by

dF dF dx dF
s s u , 11Ž .xdt dx dt dx

Ž .where F s N or C and u cmrs is the average gas ve-i TiCl x4

locity along the aerosol reactor:

Q T xŽ .in
u s 12Ž .x T Sin

Ž 3 . Ž .where Q cm rs is the gas-inlet flow rate, T K the inletin in
Ž 2.temperature, and S cm is the cross-sectional surface area

of the reactor, that is, T s296 K and Ss7.91 cm2 forin
Ž . Ž .Akhtar et al. 1991 . The temperature profiles T x along the

reactor, for different furnace wall temperatures, are given by
Ž .Akhtar et al. 1991 .

ŽThe system of Eqs. 2]4 along with the oxidation rate of
.TiCl can now be solved for each section of the size distri-4

bution. For that purpose, a differential equation solver
Ž . Ž .DGEAR IMSL, 1980 is used Tsantilis, 1998 . Since ® isi

fixed and a decreases, as dictated by Eq. 4, d will in-i p, i
crease, thus denoting the growth of primary particles from
monomers. For an initial concentration C of TiCl , the ini-in 4
tial conditions will be: C sC , N s0 for is1 to M, andTiCl in i4

iy1 Ž .a s2 a or d s d at ts0 s for is1 to M. The totali o p, i o
number of sections used is Ms40.

This model constitutes a relatively simple approach to the
solution of the population balance equation for simultaneous
gas-phase chemical reaction, coagulation, and sintering. As
mentioned, the representative volume of each section is the
average volume between the lower and upper limits of the
corresponding size interval. Since the representative volume
in the first section is that of the titania molecule, ® , lowero

Ž . Ž .and upper boundaries are 2r3 ® and 4r3 ® , respectively.o o
Similarly, boundaries of each section i with a representative

iy1 Ž i . Ž iq1 .volume ® s2 ® are 2r3 ® and 2 r3 ® . This dis-i o o o
cretization is necessary to satisfy the mass balance:

Mass of TiO grg s C yC ® rŽ . Ž .2 gas in TiCl o p4

M

s N ® r . 13Ž .Ý i i pž /
is1

Predictions of this model are compared to experimental
Ž .data derived by differential mobility particle-size DMPS

measurements. The characteristic diameter used in the ex-
perimental and model-predicted particle-size distributions, is

Žthe aggregate area equi®alent diameter, d s a rp Xiong et's, i i
.al., 1993; Seto et al., 1997 . Similarly, the range of each sec-

tion has to be defined in terms of aggregate area equivalent
Ž .diameters d y d , where d s a rp . This range'sb, iq1 sb, i sb, i b , i

changes with time by sintering, so Eq. 4 also has to be solved
for boundaries of each section. Note that since sintering is
solely a function of the primary particle diameter and process
temperature, and the representative volume in each section
is fixed, Eq. 4 can be treated independently. Based on the
volume and area discretization mentioned earlier, initial
Ž .maximum values for the areas corresponding to the bound-

Ž .aries of each section will be for is1, Mq1 :

2r32
iy1a s2 a . 14Ž .b , i o ž /3

Equation 14 stems from the assumption that the smallest vol-
Žume in the present discretization 2r3® , lower boundary ofo

.the first section refers to a sphere.
A number of average properties can be calculated from the

particle-size distributions. More specifically, the aggregate
Ž .geometric number mean diameter, d , is defined as:g

1r36®g
d s , 15Ž .g ž /p

where ® is the aggregate geometric mean volume. The ag-g
gregate geometric mean volume is used for the calculation of

Žthe geometric standard deviation s Eqs. B6 and B9 ofg
.Landgrebe and Pratsinis, 1990 . The aggregate equivalent

Ž .volume number mean diameter, d , is®

1r3M 6®i
NÝ iž /pis 2d s . 16Ž .® M

NÝ i
is 2

The calculation of d and d refers to aggregate propertiesg ®
and does not include the first section of the size distribution

Žthat corresponds to monomers that is, single TiO2
.molecules . Furthermore, the primary particle mean diame-

Ž .ter, d in the gas stream , ispr

MM ®i
d Nn N d Ý p , i iÝ i i p , i ž /®p , iis1is1d s s . 17Ž .pr M M ®i

n N NÝ Ýi i iž /®p , iis1 is1

Finally, the dimensionless primary and aggregate particle-size
distributions are represented, respectively, by

Dnrn r D ln dŽ . Ž .T pb

M

s N ? n N ? n ln d yln d 18Ž .Ž .Ýi i i i pb , iq1 pb , iž /
is1

M

D NrN r D ln d s N N ln d yln dŽ . Ž . Ž .ÝT sb i i sb , iq1 sb , iž /is1

19Ž .

where d s6 ? ® ra is the primary particle diameter atpb, i b, i b, i
the lower boundary of section i, n is the number ofi
primary particles per single aggregate in section i, n is theT
total number of primary particles in the gas stream
Ž .primariesrg , and N is the total number concentration ofgas T

Ž .aggregates aggregatesrg .gas
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Results and Discussion
Model ©alidation

First, the model is validated by comparing its particle-size
distribution predictions for simultaneous gas-phase chemical

Žreaction and coagulation of spherical particles pure coales-
. Ž .cence with the theoretical calculations of Akhtar et al. 1991

Ž .Figure 12 based on Landgrebe and Pratsinis, 1990 . The two
Ž .models are in good agreement Tsantilis, 1998 . It should be

noted that the present model is much simpler and faster than
Ž .those of Landgrebe and Pratsinis 1990 and Xiong and

Ž .Pratsinis 1993 , as it does not integrate in each section
Ž .Gelbard and Seinfeld, 1978 and relies on the midpoint of

Ž .each volume size-interval Spicer and Pratsinis, 1996 . It also
should be clarified that there are two ways to account for
pure coalescence in the proposed model. One is to solve only
Eqs. 2 and 3 and replace the collision diameter in each sec-
tion by the corresponding representative volume equivalent
diameter. The other way is to solve Eqs. 2]4 and set the

Ž y9 .sintering time to a very small value 10 s . Both ways give
the same results.

For completeness, the present sectional formulation is also
Ž .validated for coagulation of noncoalescing or nonsintered

Ž .aggregates pure aggregation of various constant mass frac-
Ž .tal dimensions D s1]3 in the free molecular and contin-f

Ž .uum regimes Vemury and Pratsinis, 1995 . This is accom-
plished by using the collision kernels defined in Vemury and

Ž .Pratsinis 1995 and by either setting the sintering time to a
Ž 16 .very large value 10 s or by solving Eqs. 2 and 3 excluding

the reaction mode in both cases. The self-preserving size dis-
Ž .tributions of Vemury and Pratsinis 1995 for a spacing factor

f s2 as well as the corresponding geometric standard devia-s
tions and normalized number concentration decays match
those of this model.

E©olution of primary and aggregate particle-size
distributions

Figure 1 shows the axial temperature profile of the reactor,
Ž .the evolution of TiO mass grg and dimensionless aerosol2 gas

total number concentration, N rC , for the experimentalT in
Ž .conditions of Akhtar et al. 1991 : residence time 1.6 s, fur-

nace set temperature, 1,400 K, inlet-gas flow rate Q , 2.876in
Lrmin, and initial TiCl concentration, 1.56=10y5 molrL4
Ž .defined at 1,400 K . The sintering time is given by Eq. 6.

Ž .Initially t-0.58 s the depletion rate of the TiCl precursor4
is faster than the coagulation rate, thus leading to an in-
crease in the total aerosol number concentration. As soon as
the oxidation of the TiCl precursor is complete, coagulation4
becomes dominant and the particle number concentration
decreases. However, it is important to see that most of the
decay of the particle number concentration takes place be-
fore the entrance to the isothermal zone of the furnace reac-
tor.

Figures 2 and 3 show gas-stream primary particle and ag-
gregate size distributions at 0.073 s, 0.58 s, 0.72 s, and 1.6 s,
at the same conditions as in Figure 1. At ts0.073 s the de-
pletion of TiCl is not yet complete, while the contribution of4
chemical reaction is more important than that of coagulation.
Hence, at ts0.073 s the primary particle and aggregate size
distributions coincide, indicating the formation of fully sin-

Žtered, spherical aggregates since at small particle sizes sin-

(Figure 1. Evolution of temperature, TiO mass g rrrrr2
)g , and dimensionless aerosol total num-gas

ber concentration N rrrrrC along the reactor.T in
The residence time is ;1.6 s, the furnace set temperature is
1,400 K, while the inlet gas flow rate Q and TiCl concen-in 4

y5 Ž .tration are 2.876 Lrmin and 1.56=10 defined at 1,400 K
molrL, respectively.

. Žtering is faster than collision rates . At longer times that is,
.ts0.58 and 0.72 s both primary and aggregate size distribu-

Ž .tions become bimodal Figures 2 and 3 . This is characteristic
of the existence of comparable chemical reaction and coagu-

Ž .lation modes Landgrebe and Pratsinis, 1990 . More specifi-
cally, for ts0.58 s, the primary particle and aggregate size

Ždistributions are identical for sizes up to ;20 nm this can
be more obvious when plotting the nonnormalized distribu-

.tions of N , N ? n , which is the size range within which ag-i i i
gregates are completely coalesced. In addition, the average

Ž .aggregate diameter d or d is close to the average primaryg ®
Ž . Ž .particle diameter d for short times, tF0.58 s Figure 4 ,pr

( )Figure 2. Evolution of the gas-stream primary
( )particle-size distribution PPSD for the same

conditions as in Figure 1.
As the residence time increases, the PPSD becomes nar-
rower by sintering.
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Figure 3. Evolution of the aggregate particle-size distri-
( )bution APSD for the same conditions as in

Figure 1.
As the residence time increases, the APSD reaches the
self-preserving size distribution for coagulation of fractal-like
particles with D s1.8.f

Žimplying that the contribution of larger sizes right parts of
.both distributions in Figures 2 and 3 is not significant.

The aggregate size distribution becomes wider at a faster
rate than that of primary particles, thus accounting for high
aggregate collision frequencies with respect to sintering. Ex-

Ž .perimental data in the literature Akhtar et al., 1991 indi-
cate that the primary particle-size distribution is generally
narrower than that of the aggregates. Here, the calculated
geometric standard deviations of the primary and aggregate
particle-size distributions reach asymptotically the values of
1.06 and 1.49, respectively, at ts1.6 s. The bigger the pri-
mary particles grow, the larger is their characteristic sintering
time. As soon as a critical primary particle size is reached
Žfor the conditions of Figure 1, this size is approximately 60

.nm , sintering becomes very slow, obstructing the growth of
the primary particle-size distribution. This is elucidated in
Figure 2 by observing the sharp right ends of the primary

Ž .particle-size distributions and the evolution of d Figure 4 .pr
At the same time, smaller primary particles gain size and
consequently start to sinter at lower rates. This process leads
to narrow primary particle-size distributions that are typically

Žobserved by scanning electron microscopy Figure 5 of Akhtar
.et al., 1991 . However, it should be noted that for sintering

mechanisms in which the sintering rate is not inversely pro-
portional to particle size, the preceding process will not be as
effective. Finally, for 0.87 s- t-1.6 s there is no chemical
reaction and the rate of decrease of N rC dramatically slowsT in
down. At ts1.6 s, the aggregate size distribution is unimodal
with a lognormal type of shape indicative of the attainment

Ž .of the self-preserving distribution Figure 3 .
Figure 4 depicts the evolution of the geometric mean di-

ameter, d , and aggregate mean volume equivalent diameter,g
d , along with the geometric standard deviation of the aggre-®
gate size distribution, s , and the primary particle mean di-g
ameter, d , for the conditions of Figure 1. The evolution ofpr
the integral properties just mentioned summarizes the con-

Figure 4. Evolution of the geometric mean diameter dg
and aggregate mean volume equivalent diam-
eter d along with the geometric standard de-v
viation s of the aggregate particle-size dis-g

( )tribution APSD and the primary-particle
mean diameter d for the same conditions aspr
in Figure 1.
The peak in s corresponds to the bimodal APSD at ap-g
proximately 0.6 s, which occurs at the end of TiCl conver-4
sion in the reactor.

clusions reached in Figures 2 and 3. The geometric standard
deviation exhibits a maximum at the same region where there
is a steep increase in the aggregate and primary-particle mean

Ž .diameters d , d , and d and an equally sharp decrease ing ® pr
TiCl concentration. This is also observed by Landgrebe and4

Ž .Pratsinis 1990, figures 6c and 8c , and it is characteristic of a
bimodal type of particle-size distribution with the so-called
reaction and coagulation modes containing molecular clus-

Ž y3 . Žters of size Q10 mm and larger particles of sizes be-
y2 .tween ;2=10 and ;1 mm , respectively. For t)0.72 s

the geometric standard deviation slowly but steadily de-
creases to an asymptotic value of 1.49, approaching the self-
preserving size distribution. For t-0.58 s the aggregate size

Ž .is very close to the primary particle size d f d f d . Thisg ® pr
denotes that a major part of the distribution is occupied by
tiny rather spherical particles. The gap between d and d is® pr
representative of the average number of primary particles per
aggregate. As soon as the oxidation of the precursor is com-
plete, aggregates consisting of a large number of primary par-
ticles are produced. The initially small primary particles
sinter fast under the relatively high temperatures between
0.62 and 0.87 s. At about 0.87 s the temperature inside the
reactor reaches its maximum value, while the average pri-
mary particle diameter seems to have attained a critical size
Ž .approximately 60 nm above which growth by sintering is
slow. Finally, at the exit of the furnace the average number
of primary particles per aggregate is approximately 7.

Effect of sintering rate and fractal dimension
Figure 5 shows model predictions for coagulation of spher-

Ž . Žical particles broken line , coagulation of fractal-like D sf

February 2000 Vol. 46, No. 2 AIChE Journal412



Figure 5. Particle-size distributions predicted by as-
suming coagulation of spherical particles
( ) (, coagulation of fractal-like particles Df

) ( )s1.8 ? ? ? ? and concurrent coagulation and
( )sintering of fractal like particles for the

conditions of Figure 1.
Clearly, sintering gives a more realistic picture of the pro-
cess, bringing in a better agreement with the corresponding

Ž .experimental data of Akhtar et al. 1991 .

. Ž .1.8 particles dotted line , and concurrent coagulation and
Ž . Ž .sintering of fractal-like D s1.8 particles solid line , at tsf

Ž1.6 s along with experimental data from Akhtar et al. 1991,
.figure 8 for the conditions of Figure 1. First, assuming per-

fectly spherical particles gives the narrowest particle-size dis-
Ž .tribution broken line in Figure 5 , which agrees with Vemury

Ž .and Pratsinis 1995, figure 3 in the free molecular regime.
On the other extreme, neglecting the role of sintering after

Ž .collision overpredicts the size distribution dotted line . Ac-
counting for coagulation and sintering gives a distribution be-
tween these two cases and comes closest to the measured size

Ž .distributions solid line . Especially good agreement is seen
on the right tail of the particle-size distribution, while dis-
agreement on the left tail should be attributed to experimen-
tal limitations such as losses of finer particles during dilution
Ž .Akhtar et al., 1991 . For pure coalescence the sintering time
approaches zero, while for pure aggregation it approaches in-
finity. Those two extreme cases are the limits of the proposed
model. Sintering is the linking bridge between them. As sin-
tering time increases, it tends to broaden the particle-size
distribution and shift it to larger size scales. Low sintering
rates lead to bigger aggregates, which grow faster in the

Žfree-molecular-transition regime Akhtar et al., 1991; Otto et
.al., 1994 , shifting the particle-size distribution to the right.

The effect of constant mass fractal dimension on the ag-
gregate size distribution, for simultaneous coagulation and

Ž .sintering, was also investigated Tsantilis, 1998 . At higher D ,f
the distribution shifted to smaller particle sizes, approaching

Ž .the size distribution of spherical particles Figure 5 . There
was no significant change on the geometric standard devia-
tion, however, and the shift of size distribution was not very
big, even for D equal to 3. It should be clarified that thef
case of D s3 was not equivalent to pure coalescence, sincef

Ž .the value of sintering time was still finite Eq. 6 . At mass

Figure 6. Model predictions of aggregate particle-size
distributions using two sintering rates, and
comparison with experimental data for resi-
dence time ;1.6 s, furnace set temperature
1,400 K, inlet gas flow rate Q , and TiCl con-in 4

I6 (centration 2.674 Lrrrrrmin and 9.34=10 de-
)fined at 1,400 K molrrrrrL, respectively.

At this temperature, using the sintering rate by Kobata et
Ž .al. 1991 gives larger aggregates than by using the effective

Ž .sintering rate of Xiong et al. 1993 .

fractal dimensions higher than 1.8, the shape of the aggre-
gates was more compact and the rate at which collisions oc-
curred diminished, forcing the size distribution to smaller
sizes. Finally, the model predictions were closer to experi-

Ž .mental data for D s1.8 Tsantilis, 1998 .f
Figure 6 shows how the predictions of the present model

Ž .compare to experimental data Akhtar et al., 1991 for two
sintering rates, at residence time ;1.6 s; furnace set temper-
ature 1,400 K; inlet-gas flow rate Q , 2.674 Lrmin; and ini-in

y6 Žtial TiCl concentration, 9.34=10 molrL defined at 1,4004
. Ž .K . For the current reactor temperature profile Figure 1 ,

Ž .the sintering rate by Kobata et al. 1991 is slower than the
Ž .effective one Xiong et al., 1993 , thus giving rise to larger

aggregates consisting of smaller primary particles. For growth
Ž .in the free-molecular and transition regime Kn f7 , theg

bigger the aggregates are the faster the coagulation rate is
and the wider the resulting particle-size distribution becomes
Ž .Otto et al., 1994 . The sintering time proposed by Kobata et

Ž .al. 1991 explains fairly well experimental data where the
Žinitial particle-size range is always bigger than 10 nm Seto et

.al., 1995 . In the present analysis, however, the smallest size
considered is the molecular diameter of TiO . The effective2

Ž .sintering rate proposed by Xiong et al. 1993 is in better
agreement with experimental data, as its derivation is based
on the process conditions. Nevertheless, for higher process

Žtemperatures the model predictions with respect to aggre-
.gate size distributions for both sintering times get closer. This

is shown, for instance, in Figure 7 for residence time 1.6 s;
furnace set temperature 1,723 K; inlet-gas flow rate, Q , ap-in
proximately 2.35 Lrmin; and inlet TiCl concentration 1.16=4

y5 Ž .10 molrL defined at 1,723 K .
In addition to the experimental conditions mentioned ear-

lier, the proposed model was tested for different inlet TiCl4
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Figure 7. Model predictions of aggregate particle-size
distributions using two sintering rates, and
comparison with experimental data for resi-
dence time 1.6 s, furnace set temperature
1,723 K, inlet gas flow rate Q , and TiCl con-in 4

I5 (centration ;2.35 Lrrrrrmin and 1.16=10 de-
)fined at 1,723 K molrrrrrL, respectively.

At this high temperature there is little difference in the
model predictions regardless of the employed sintering rate.

concentrations, residence times, and furnace set tempera-
Ž .tures Tsantilis, 1998 . In all cases, the mass fractal dimen-

sion was set equal to 1.8. The model predicted the same trends
Žas in the experimental results figures 8 and 9 of Akhtar et

.al., 1991 . Thus, for example, the geometric mean diameter
decreased and the standard deviation increased with decreas-
ing inlet precursor concentration or residence time. Further-

Žmore, the model always predicted wider size distributions the
predicted geometric standard deviations were approximately

.10% larger than the experimental ones , with a relatively good
Ž .match at large particle-size scales Tsantilis, 1998 . This might

have been an indication of the need for the consideration of
Ž .particle diffusion in the reactor and sampling dilution . Such

an effect could decrease the population of small particles
more, since they could diffuse faster than bigger ones.

Ž .According to Akhtar et al. 1992 , increasing furnace
process temperatures increases the average aggregate size and
primary particle diameters. The degree of aggregation, quali-
tatively defined by the ratio of the DMPS aggregate to BET

Žprimary particle diameter, also slightly increases table 1 of
.Akhtar et al., 1992 . The proposed model predicts the same

trend for furnace temperatures of 1,300 K, 1,500 K, 1,700 K,
and inlet precursor concentration and residence time of 1.16

y5 Ž=10 molrL and 1.6 s, respectively Figures 8 and 10 of
. ŽXiong et al., 1993 . The experimental BET grain primary

. Žparticle sizes are 0.054, 0.058, and 0.063 mm figure 8 of
.Xiong et al., 1993 . The corresponding values predicted by

Žthe present model and the effective sintering time Xiong et
.al., 1993 are 0.065, 0.07, and 0.073 mm. These numbers show

that the model slightly overpredicts the average primary par-
ticle diameter. The corresponding values predicted by the

Ž .present model and the sintering time of Kobata et al. 1991
are 0.04, 0.07 and 0.111 mm, which are also in fairly close

Ž .agreement with Xiong et al. 1993, figure 8, solid line .

Figure 8. Predicted aggregate particle-size distribu-
tions from literature models and from this
work for two sintering rates, as well as experi-
mental data for residence time 1.6 s, furnace
set temperature 1,700 K, and inlet TiCl con-4

I5 ( )centration 1.16=10 defined at 1,700 K
molrrrrrL.

Figure 8 compares the predictions of the present model for
aggregate size distributions with those of the two-dimen-

Ž .sional one by Xiong and Pratsinis 1993 and those by Rogak
Ž .1997 for reactor-set temperature 1,700 K, precursor concen-

y5 Ž .tration 1.16=10 defined at 1,700 K molrL, and residence
Ž .time 1.6 s Xiong et al., 1993 . Experimental data and predic-

tions of the present model are shown for both sintering rates
Ž . Ž .of Kobata et al. 1991 and Xiong et al. 1993 , as these are
Ž . Ž .used by Rogak 1997 and Xiong et al. 1993 , respectively.

Ž . Ž .As already shown by Xiong et al. 1993 and Rogak 1997 ,
there is deviation between model predictions and the experi-
mental data set. At this rather high temperature the sintering
rate has little effect on the model predictions, as is also shown
in Figure 7. Clearly, there is little difference among all model
predictions, indicating that the present model performs as
well as some of the more computationally intensive ones. Fi-
nally, it is worth noting that for the conditions studied
Ž .Tsantilis, 1998 , the proposed model runs in less than 1 h in
a Sun Ultra-Sparc 2 workstation.

Conclusions
A simple sectional model was developed describing the

evolution of primary and aggregate size distributions for par-
ticle synthesis by gas-phase chemical reaction, coagulation,
and sintering. The model is quite simple, as it only uses the
midpoint values of particle-size sections, reducing substan-

Žtially the computational effort at little cost of accuracy less
than 3% in the geometric standard deviation of the self-

.preserving distribution . Each aggregate is characterized by
an average but variable surface area, giving a single but vari-
able primary particle-size per aggregate.

The model was applied here to aerosol synthesis of TiO2
by TiCl oxidation in a hot wall reactor. It was shown that4
primary particles evolve to size distributions substantially
narrower than those of the aggregate particles, as sintering is
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quite slow for larger primary particle sizes. Further, coagula-
tion and sintering result in a distribution of fractal-like parti-

Ž .cles D s1.8 that is larger and wider than that of sphericalf
particles, but narrower and smaller than those of fractal-like
particles undergoing only coagulation but not sintering.

Model predictions were compared to experimental aggre-
gate size distributions and used to evaluate sintering rates of
titania. At high temperatures the choice of sintering rate has
little effect on the predicted aggregate size distribution, al-
though significant deviations can be found at low tempera-
tures. Predictions of the model agreed well with those of more
computationally intensive ones. Models that account for the
detailed fluid and particle dynamics are needed to compare
more rigorously with experimental data and to evaluate sin-
tering rates.

Acknowledgments
This work was supported in part by U.S. National Science Founda-

tion Grant CTS-9619392, and in part by the Swiss National Science
Foundation. We acknowledge stimulating discussions with Dr. M. K.
Akhtar from Millenium Chemicals Inc., and suggestions made by the
journal referees.

Notation
a saggregate area corresponding to the boundaries of each sec-b, i

tion, cm2

a smolecular surface area of TiO , cm2
o 2

d saggregate equivalent-area diameter at the lower boundary ofsb, i
section i, cm

Mstotal number of volume size-intervals
Ž . y6n ® ssize distribution function, cm
r sTiO particle density, grcm3

p 2
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